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ABSTRACT
Presented paper desribes the method for nding the intersetion of lass spae
rational Bezier urves. The problem urve/urve intersetion belongs among basi
geometri problems and the aim of this artile is to desribe the new tehnique to
solve the problem using relief perspetive and Bezier lipping.
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1 Introdution
Curve/urve intersetion is one of the fundamental problems of omputational
geometry. At the present time there exist several dierent approahes to this prob-
lem but the endeavor is to avoid diulties in alulations whih are mainly results
of polynomial representation rational higher degree urves. It an be done in er-
tain ases by using the relief perspetive and Bezier lipping.
Bezier lipping, in the ontext of plane urve intersetion in this paper, see e.g.
[Nishi90℄ [Nishi98℄, is an interative method whih takes advantages of the onvex
hull property of Bezier urves. Regions of one urve whih are guaranteed do not
interset a seond urve an be identied and subdivided away.
Relief perspetive is a mapping of spae into spae in order to orrespond
onditions of the human seeing. Images of all objets under the relief perspetive
are loated in spae between two parallel planes.
2 Relief perspetive
The relief perspetive is a speial ase of perspetive ollineation of the ex-
tended Eulidean spae E¯3. We remind that a ollineation is a bijetive mapping
ϕ : E¯3 → E¯3 that preserves ollinearity of points. If there exists a plane ω suh
that ϕ(X) = X ∀X ∈ ω, ϕ is a perspetive ollineation (for more details, see e.g.
[Bus53℄ [Cizm84℄). Then there exists a point O (alled the entre of perspetive
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ollineation) suh that ϕ(O) = O and ϕ(α) = α ∀α; O ∈ α.
The relief perspetive is a perspetive ollineation inluding some additional
onditions:
• in order to produe orret images of 3D objets, it is important to respet
neessary onditions of the human seeing. As in linear perspetive, see e.g.
[Cenek59℄, also in the relief perspetive we suppose, that objets are loated
inside viewing irular one. The one has a vertex in the eye (the entre of
projetion) and the distane from the eye to the objets has to be at least
25 m.
• the image plane ω (the set of invariant points ) does not ontain the entre
O (i.e. ϕ is a homology) and determine elements of the mapping ϕ are: the
entre O, the image plane σ (the set of invariant points) and the vanishing
plane ωr (the image of the plane at innity).
• no objets are ideal, i.e. objets and their images in the relief perspetive
have not ideal points. In notions of E3 the image plane has to be plaed
between the point O and the plane ωr. The mapped objet, that image we
want to onstrut, is loated in the semi-spae, that it is opposite to the
semi-spae
7−→
σO ("behind the image plane σ").
Let ϕ be a relief perspetive of spae E¯3. Let denote E¯3 be a preimage spae and
E¯
r
3 be an image spae (E¯3 with upper index "r") suh that ϕ : E¯3 → E¯
r
3. The image
of the objet U ∈ E¯3 under the relief perspetive ϕ is alled the relief of the objet
U and is denoted analogially U r. The relief perspetive is given by the entre O,
the image plane σ and ordered pair of dierent points A,Ar = ϕ(A) (A,ϕ(A) 6= O)
suh that A,Ar 6∈ σ and O,A,Ar are ollinear.
Note therefore all mapped objets U and their images U r under the relief per-
spetive have no ideal points, we an study them in E3 or E¯3 using ane and
projetive methods as well. It is also lear that the restrition ϕ/U of the relief
perspetive ϕ, whih is a bijetive mapping, is again a bijetion.
3 Representation of the relief perspetive in an analytial
form
SupposeX andX ′ are two dierent points of E3 ⊆ E¯3 with oordinates [x, y, z]
and [x′, y′, z′] respetively. If ϕ is a ollineation of the spae E¯3 we use the following
equations:
x′ =
a11x+ a12y + a13z + a14
a41x+ a42y + a43z + a44
y′ =
a21x+ a22y + a23z + a24
a41x+ a42y + a43z + a44
(1)
z′ =
a31x+ a32y + a33z + a34
a41x+ a42y + a43z + a44
,
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where ai,j (i, j ∈ {1..4}) are real numbers and det(aij) 6= 0. In equations (1) are
used non-homogeni oordinates, whih orrespond to a restrition ϕ¯ = ϕ/{E¯3 −
α}, where α is a plane a41x1 + a42x2 + a43x3 + a44x0 = 0.
In order to obtain simple mapping equations for relief perspetive from (1) we
assume, that the entre O is a point with oordinates [0, 0, 0] and σ is a plane
z−1 = 0. In this speial ase we obtain the onvenient representation of the relief
perspetive in the following form
x′ =
(1 + k)x
z + k
y′ =
(1 + k)y
z + k
(2)
z′ =
(1 + k)z
z + k
where the span k ∈ R+ − {1} (the geometri representation of the parameter k
will be explained in the next lines).
4 Some properties of the relief perspetive
• the vanishing plane ωr ≡ 1 + k and the neutral plane ν ≡ −k (the preimage
of the plane at innity) are parallel and for distanes O, ν and ωr, σ we have
| Oν |=| ωrσ |= k
where the parameter k represents the span
• if a plane α ≡ z − c (c 6= 0) is parallel to the image plane (α 6= σ, ν), then
the relief of the plane α is the plane αr ≡ (1+k)c
c+k
and these planes are parallel
(it is obvious that α ‖ αr ‖ σ)
• the relief of a point plaed in the semi-spae, that is opposite to the semi-
spae
7−→
σO, is a point in a part of spae with boundary planes z = 1 and
z = 1 + k (in an intersetion of spaes z > 1 and z < 1 + k) (Fig. 1)
• the orthographi projetion of the objet U r (the relief of the objet U) onto
the image plane σ is the entral projetion of the objet U from the point S,
where S ∈ l ∩ ν (l;O ∈ l ∧ l ⊥ σ)
5 Rational Bezier urves and relief perspetive
The relief perspetive is a mapping of the extended Eulidean spae E¯3. Let
Vi, i ∈ {0, 1, . . . , n} be given points, [xi, yi] be their oordinates of the spae E¯2 and
positive real numbers wi, i ∈ {0, 1, . . . , n} be their weights. By these elements and
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Figure 1
Bernstein polynomials Bni (t), see e.g. [Farin93℄, is dened a n-th planar rational
Bezier urve
P(t) = [
n∑
i=0
xiwiB
n
i (t)
n∑
i=0
wiBni (t)
,
n∑
i=0
yiwiB
n
i (t)
n∑
i=0
wiBni (t)
], t ∈ 〈0, 1〉 (3)
and also the spae nonrational Bezier urve
P¯(t) = [
n∑
i=0
xiwiB
n
i (t),
n∑
i=0
yiwiB
n
i (t),
n∑
i=0
wiB
n
i (t)], t ∈ 〈0, 1〉 (4)
with ontrol points
Vi = [xiwi, yiwi, wi]. (5)
Let ϕ : E¯3 → E¯
r
3 be the relief perspetive of the spae E¯3 andX
r[x, y, z] (Xr 6∈ σ)
be the relief of the point X [a, b, c] ∈ E¯3. From the equations (2) we get
x =
(1 + k)a
c+ k
, y =
(1 + k)b
c+ k
, z =
(1 + k)c
c+ k
(6)
and aording to the relation z = (1+k)c
c+k
we obtain
c+ k =
k(1 + k)
1 + k − z
From the above results oordinates [a, b, c] of the point X , that is the preimage of
the relief Xr[x, y, z], are omputed aording to a = kx
1+k−z
, b = ky
1+k−z
, c = kz
1+k−z
.
Lemma Let ϕ : E¯3 → E¯
r
3 be relief perspetive of the spae E¯3. The point [x, y, z]
is the relief of the point [ kx
1+k−z
,
ky
1+k−z
,
kz
1+k−z
].
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By given planar points Vi and their weights wi, where 1 + k > wi ∀i, we an
dene in E¯3 points
Wi = [
kxiwi
1 + k − wi
,
kyiwi
1 + k − wi
,
kwi
1 + k − wi
] i ∈ {0, 1, . . . , n} (7)
With respet to the lemma above it is obvious, that the reliefs of the pointsWi are
represented by the points (5). Using the points Vi, the spae nonrational Bezier
urve P¯(t) of the form (4) is dened and we notie, that P¯(t) under mapping ϕ is
an image of the urve
Q(t) = [
n∑
i=0
kxiwiB
n
i (t)
n∑
i=0
(1 + k − wi)Bni (t)
,
n∑
i=0
kyiwiB
n
i (t)
n∑
i=0
(1 + k − wi)Bni (t)
,
n∑
i=0
kwiB
n
i (t)
n∑
i=0
(1 + k − wi)Bni (t)
] (8)
This urve Q(t) is the spae rational Bezier urve dened by ontrol points of the
form (7) and their weights Ωi, that are omputed aording to Ωi = 1 + k − wi
beause of
kxiwi
1 + k − wi
Ωi = kxiwi,
kyiwi
1 + k − wi
Ωi = kyiwi,
kwi
1 + k − wi
Ωi = kwi
Applying all these results we obtain the following theorem
Theorem The urve P¯(t) is a relief of the urve Q(t).
In order to get more information about Bezier urves and the relief per-
spetive, let us assume having a entral projetion with the entre O[0, 0, 0] and
the plane z − 1 = 0. In this ase the planar rational urve P(t) of the form (3) is
the image of the spae rational Bezier urve Q(t) dened by (8).
Let the spae nonrational Bezier urve P¯(t) expressed by (4) be given. What
is the relief of this urve? We know z + k =
n∑
i=0
(wi + k)B
n
i (t) and now the relief
P¯r(t) of the given urve Pr(t) an be written as
P¯r(t) = [
n∑
i=0
(1 + k)xiwiB
n
i (t)
n∑
i=0
(wi + k)Bni (t)
,
n∑
i=0
(1 + k)yiwiB
n
i (t)
n∑
i=0
(wi + k)Bni (t)
,
n∑
i=0
(1 + k)wiB
n
i (t)
n∑
i=0
(wi + k)Bni (t)
] (9)
t ∈ 〈0, 1〉, where ontrol verties are points expressed as follow
V¯ ri = [
(1 + k)xiwi
wi + k
,
(1 + k)yiwi
wi + k
,
(1 + k)wi
wi + k
]
and weights Ω¯i are omputed by Ω¯i = wi + k.
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6 Intersetion of spae rational Bezier urves
Let P(t), Q(u) be spae rational Bezier urves of the form (8). The aim is to
nd their intersetion.
The solution to this problem an be found using already known fats. A-
ording to the theorem, whih was formed in the previous setion, reliefs of spae
rational Bezier urves of the form (8) are spae nonrational Bezier urves of the
form (4) (in Fig. 2 Bezier urves of the form (8) and their reliefs for k = 2 are
shown). The entral projetions of these nonrational urves from the point [0, 0, 0]
Figure 2
onto the plane z − 1 = 0 are planar rational Bezier urves dened by (3). Their
intersetion is possible to nd speially by using the method of Bezier lipping.
This method speies values of the parameter t ∈ 〈0, 1〉 of the urve Ps(t), respe-
tively the parameter u ∈ 〈0, 1〉 of the urve Qs(u), that orrespond to the ommon
point Rs (the upper indexes "r" and "s" denote the reliefs and entral projetions
of urves or points). This point is the intersetion of both urves . The preimage
of the point Rs in the entral projetion is the spae point, whih is the relief of
the intersetion of the spae rational Bezier urves P(t) and Q(u).
The following sheme shows a whole proes of nding the intersetion of the
P(t) and Q(u) urves:
P(t)
ϕ
−→ Pr(t)
ψ
−→ Ps(t)
Q(u)
ϕ
−→ Qr(u)
ψ
−→ Qs(u)
}
B. lipping
−→ Rs
Rs = Ps(t) ∩Qs(u)
ψ−1
−→ Rr
ϕ−1
−→ R
R = P(t) ∩Q(u)
ϕ  relief perspektive ϕ : E¯3 → E¯3
ψ  entral projetion ψ : E¯3 → E¯2.
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The entral projetion ψ is not a bijetive mapping and in ase that the inter-
setion of urves Ps(t) and Qs(u) exists (in opposite ase the given urves P(t)
and Q(u) ertainly do not interset) the intersetion of urves P(t) and Q(u) does
not have to exist. This situation ours when preimages of point Rs on the urves
Pr(t) and Qr(u) in the entral projetion are dierent.
7 Conlusions and future work
The relations between Bezier urves and the relief perspetive have been de-
sribed. The neessary and suient onditions for expressing the spae nonra-
tional Bezier urve as the relief of the spae rational Bezier urve have been formed.
We have shown that to the planar rational urve of the form (3), dened by planar
points Vi ∈ E¯2 and their weights wi, it is possible to assign a lass of the spae
urves by the relief perspetive. One of them is nonrational urve dened by (4)
and two are rational urves dened by (8) and (9).
The desribed method an be used as a diretion for appliation how to nd the
intersetion of the spae rational urves of the form (8). It is possible to express
every polynomial urve in Bezier's representation and due to this representation
the method an be applied to all polynomial urves after modiations (e.g. spline
urves whih are onsidered as urves onsist of Bezier segments) for solution to
the urve/urve or urve/line intersetion problems.
Despite the author's attempt he did not sueed in nding similar omparable
published methods on website. In addition to this he is not able to ompare his
results with any other. Obviously author's knowledge is limited and he would
appreiate to get information about any other similar method.
In the future work we want to extend possibilities of the relief perspetive in
geometri modeling. Our aim is to nd an answer whether any polynomial 3D
urve an be onverted to the spae urve of the form (8).
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